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Abstract
In this paper we consider classes consisting of mappings, whose domains and ranges are spaces
of weight less than or equal to a given infinite cardinal denoted by τ . We give the notion of a
saturated class of mappings and prove that: (a) in each saturated class of mappings there exist
universal elements, (b) the intersection of not more than τ many saturated classes of mappings is
also a saturated class, (c) the class of the domains and the class of the ranges of all elements of
a saturated class of mappings are saturated classes of spaces, and (d) the (non-empty) class of all
mappings (respectively, of all open mappings), whose domains belong to a given saturated class of
spaces and ranges belong to another saturated class of spaces, is saturated. We give some variations
of the closeness of a mapping and prove the last mentioned result for such mappings.
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All spaces considered in the paper are assumed to be T0-spaces of weight less than or
equal to a given infinite cardinal denoted by τ . All considered mappings are assumed to
be continuous. The notions and notations introduced in the paper [2] are assumed to be
known.
The universality problem is to determine whether there are universal elements in a
given class of spaces. Problems concerning universal and containing spaces appeared in
topology in its early development, when special classes of separable metrizable spaces
were considered. At first, the construction of universal elements had more or less a heuristic
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nature. With the consideration of more general classes of spaces, some methods of
construction of universal elements appeared. The methods using factorization theorems
seem to be the most important.
The containing spaces constructed in [2] provide us with a new point of view on the
universality problem. Suppose that we have a class P of T0-spaces of weight  τ . The
basic idea is to find a universal element for P among the corresponding containing spaces,
that is, for a suitable (indexed) collection S of elements of P to find a co-mark M of S
and an M-admissible family R of equivalence relation on S such that the containing space
T(M,R) to be an element of P (and, therefore, T(M,R) will be a universal element in P).
In such a manner we can prove in a unified way the existence of a universal element for
many (well-known) classes of spaces.
This idea becomes more fruitful if from the class P of spaces we require something
more than the existence only of a universal element of the above form. This requirement
can be formulated as follows: for every (indexed) collection S of elements of P there exists
a co-mark M+ of S with the property that for every co-mark M, which is a co-extension
of M+, there exists an M-admissible family R+ of equivalence relations on S such that for
every admissible family R, which is a final refinement of R+, the containing space T(M,R)
belongs to P. Classes satisfying this condition are called saturated. We note that many
of the well-known classes of spaces in which there are universal elements are saturated.
(However, in [2] this is proved only for the class of all T0-spaces, for the class of all
regular T0-spaces, and for the class of all completely regular T0-spaces.)
Saturated classes of spaces have of course the universality property, that is, in any such
class there exist universal elements. They have also the intersection property, that is, the
intersection of not more than τ many saturated classes is also a saturated class. (We note
that in general the classes of spaces in which there exist universal elements do not have
this property.) So, any “new” saturated class “multiply” the number of known classes of
spaces in which there are universal elements. Saturated classes are also convenient to use
for (inductive) construction of other saturated classes of spaces.
In the present paper we study the universality problem for classes consisting of
mappings. For this we apply the construction of containing spaces and the notion of a
saturated class of spaces given in [2] to the class of the domains and to the class of the
ranges of all mappings of the considered class.
In Section 1 we give the notion of a saturated class of mappings and prove that: (a) in
each saturated class of mappings there exist universal elements, (b) the intersection of not
more than τ many saturated classes of mappings is also a saturated class, and (c) the class
of the domains and the class of the ranges of all elements of a saturated class of mappings
are saturated classes of spaces.
In Section 2 we construct some saturated classes of mappings. In particular, we prove
that if D and R are two saturated classes of spaces, then the class of all mappings
(respectively, of all open mappings) f such that Df ∈D and Rf ∈R is a saturated class of
mappings. We also give some variations of the closeness of a mapping and prove the same
result for such mappings.
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1. Saturated classes of mappingsDefinitions. For every mapping f we denote by Df and Rf the domain and the range of
f , respectively.
Let f and g be two mappings. A pair (i, j), where i is an embedding of Dg into Df
and j is an embedding of Rg into Rf such that f ◦ i = j ◦ g, is said to be an embedding of
g into f .
Let F be a class of mappings. An element f of F is said to be universal in F if for every
g ∈ F there exists an embedding of g into f .
The class F is said to be topological if for every mappings f and g, any homeomorphism
i of Dg onto Df , and any homeomorphism j of Rg onto Rf such that f ◦ i = j ◦ g the
condition f ∈ F imply g ∈ F. In the sequel all considered classes of mappings are assumed
to be topological.
The classes of spaces
{Df : f ∈ F} and {Rf : f ∈ F}
are called the domain-class and the range-class of F, respectively.
Definitions. Let F be an indexed collection of mappings. The indexed collections
Sd ≡ {Df : f ∈ F} and Sr ≡ {Rf : f ∈ F}
are called the F-domain and the F-range, respectively.
Suppose that for every f ∈ F we have an indexed family {Ufδ : δ ∈ τ } of subsets of Sd
and an indexed family {V fδ : δ ∈ τ } of subsets of Sr and consider the indexed sets
Md ≡ {{Ufδ : δ ∈ τ
}
: f ∈ F} and Mr ≡ {{V fδ : δ ∈ τ
}
: f ∈ F}.
The indexed set
{{
f−1
(
V
f
δ
)
: δ ∈ τ}: f ∈ F}
is called the F-preimage of Mr and the indexed set
{{
f
(
U
f
δ
)
: δ ∈ τ}: f ∈ F}
is called the F-image of Md .
The pair (Md ,Mr ) is said to be an F-co-mark if Md is a co-mark of Sd and Mr is
a co-mark of Sr . If, moreover, Md is a co-extension of the F-preimage of Mr , then the
F-co-mark (Md ,Mr ) is said to be proper.
An F-co-mark (Md ,Mr ) is said to be a co-extension of an F-co-mark (Md,+,Mr,+) if
Md is a co-extension of Md,+ and Mr is a co-extension of Mr,+.
Definitions. Let F be an indexed collection of mappings, Sd the F-domain, and Sr the
F-range. Let also
Rd = {∼sd : s ∈F}
be an admissible family of equivalence relations on Sd and
Rr = {∼sr : s ∈F}
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an admissible family of equivalence relations on Sr .
We say that the family Rr is induced by the family Rd or the family Rd is induced by
the family Rr if for every elements f and g of F and s ∈F we have
Df ∼sd Dg
if and only if
Rf ∼sr Rg.
The pair (Rd ,Rr ) is said to be an F-family of equivalence relations. The F-family
(Rd ,Rr ) is said to be proper if Rd is induced by Rr .
Suppose that the F-family (Rd,Rr ) is proper and let H ∈ C(Rd ) and L ∈ C(Rr ). We say
that H corresponds to L or L corresponds to H if for every f ∈ F, Df ∈H if and only if
Rf ∈ L.
The F-family (Rd ,Rr ) of equivalence relations is said to be a final refinement of an
F-family (Rd,+,Rr,+) if Rd is a final refinement of Rd,+ and Rr is a final refinement of
Rr,+.
Let (Md ,Mr ) be an F-co-mark and (Rd ,Rr ) an F-family of equivalence relations. The
F-family (Rd ,Rr ) is said to be (Md ,Mr )-admissible if Rd is Md -admissible and Rr is
Mr -admissible.
Below we give the main lemma.
Lemma 1.1. Let F be an indexed collection of mappings. Suppose that (Md,Mr ) is a
proper F-co-mark and (Rd ,Rr ) is a proper (Md ,Mr )-admissible F-family of equivalence
relations. Then, there exists a unique mapping f c of the containing space T(Md ,Rd )
into containing space T(Mr ,Rr ) such that for every f ∈ F the pair (if , jf ), where if
is the natural embedding of Df into T(Md,Rd ) and jf is the natural embedding of Rf
into T(Mr ,Rr ), is an embedding of f into f c. (Therefore, the mapping f c is defined by
condition: if (x,Df ) ∈ a ∈ T(Md ,Rd ) and (f (x),Rf ) ∈ b ∈ T(Mr ,Rr ), then f c(a)= b.)
Moreover, if all mappings of F are onto, then f c is also onto.
Proof. Let
Md = {{Ufδ : δ ∈ τ
}
: f ∈ F},
Mr = {{V fδ : δ ∈ τ
}
: f ∈ F},
Rd = {∼sd : s ∈F}, and
Rr = {∼sr : s ∈F}.
Let also
M−r ≡ {{Wfδ : δ ∈ τ
}
: f ∈ F}
be the F-preimage of Mr . (Therefore, Wfδ = f−1(V fδ ).)
Let a be an arbitrary point of the containing space T(d) ≡ T(Md ,Rd). Suppose that
(x,Df ) and (y,Dg) are elements of a. We prove that the pairs (f (x),Rf ) and (g(y),Rg)
belong to the same point of T(r)≡ T(Mr ,Rr ).
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Indeed, we have Df ∼s Dg for every s ∈ F . Therefore, Rf ∼sr Rg for every s ∈ F .d
On the other hand, for every δ ∈ τ either x ∈ Ufδ and y ∈ Ugδ or x /∈ Ufδ and y /∈ Ugδ . In
particular, for every δ ∈ τ either x ∈Wfδ and y ∈Wgδ or x /∈Wfδ and y /∈Wgδ , which means
that for every δ ∈ τ either f (x) ∈ V fδ and g(y) ∈ V gδ or f (x) /∈ V fδ and g(y) /∈ V gδ .
Thus, the pairs (f (x),Rf ) and (g(y),Rg) belong to the same point of T(r). Let b be this
point. Setting f c(a)= b we define a mapping f c of the set T(d) into the set T(r). We prove
that f c is a continuous mapping. For this it suffices to prove that the set (f c)−1(V T(r)δ (H)),
where V T(r)δ (H) is an element of the standard base BT(r) for T(r), is open in T(d).
Let V T(r)δ (H) ∈ BT(r), where H ∈ C(Rr ). Denote by E the element of C(Rd )
corresponding to H (that is, E consists of all elements Df of Sd for which Rf ∈ H).
Let θ be an indicial mapping from M−r to Md and let θ(δ)= ε. We prove that
(f c)−1
(
V
T(r)
δ (H)
)=UT(d)ε (E). (∗)
(UT(d)ε (E) is the corresponding element of the standard base BT(d) for T(d).) Indeed, let
a ∈ (f c)−1(V T(r)δ (H)
)
and (x,Df ) ∈ a. Then,
(
f (x),Rf
) ∈ f c(a) ∈ V T(r)δ (H),
which means that f (x) ∈ V fδ and Rf ∈ H. Then, x ∈ Wfδ = Ufε and Df ∈ E, that is,
a ∈UT(d)ε (E).
Conversely, let a ∈ UT(d)ε (E) and let (x,Df ) ∈ a. Then, x ∈ Ufε =Wfδ and Df ∈ E.
Therefore, f (x) ∈ V fδ and Rf ∈ H, which means that f c(a) ∈ V T(r)δ (H), that is,
a ∈ (f c)−1(V T(r)δ (H)), which completes the proof of the relation (∗). Therefore,
(f c)−1(V T(r)δ (H)) is an open subset of T(d).
Now, let f ∈ F. Let if be the natural embedding of Df into T(d) and jf the natural
embedding of Rf into T(r). We prove that
f c ◦ if = jf ◦ f. (∗∗)
Indeed, let x ∈Df , (x,Df ) ∈ a ∈ T(d), and (f (x),Rf ) ∈ b ∈ T(r). Then, if (x)= a and
f c(a) = b. On the other hand, jf (f (x))= b, which proves relation (∗∗). Thus, the pair
(if , jf ) is an embedding of f into f c. We note that relation (∗∗) uniquely determines the
mapping f c. Finally, it is easy to verify that if all mappings f of F are onto, then f c is
also onto. ✷
Definition. The unique mapping f c : T(Md ,Rd)→ T(Mr ,Rr ) of Lemma 1.1 is called the
containing mapping for F (corresponding to the pairs (Md ,Mr ) and (Rd ,Rr )).
Definition. A non-empty class F of mappings is said to be saturated if for every
indexed collection F of elements of F there exists a proper F-co-mark (Md,+,Mr,+)
satisfying the following condition: for every proper F-co-mark (Md ,Mr ), which is
a co-extension of (Md,+,Mr,+), there exists a proper (Md ,Mr )-admissible F-family
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(Rd,+,Rr,+) of equivalence relations such that for every proper F-family (Rd ,Rr ), which
is a final refinement of (Rd,+,Rr,+), the containing mapping f c : T(Md,Rd )→ T(Mr ,Rr )
corresponding to the pairs (Md ,Mr ) and (Rd ,Rr ), belongs to F.
The proper F-co-mark (Md,+,Mr,+) is said to be an initial F-co-mark corresponding
to the class F, and the proper F-family (Rd,+,Rr,+) an initial F-family corresponding to
the F-co-mark (Md,+,Mr,+) and the class F.
Lemma 1.2. Let F be an indexed collection of mappings and (Rd,+,Rr,+) be an F-family
of equivalence relations. Then, there exists a proper F-family (Rd ,Rr ) of equivalence
relations, which is a final refinement of (Rd,+,Rr,+).
Proof. Let
Rd,+ = {∼sd,+: s ∈F} and Rr,+ = {∼sr,+: s ∈F}.
Also, denote by
R−d,+ ≡ {∼s−d,+: s ∈F}
the family of equivalence relations on Sr induced by Rd,+, and by
R−r,+ ≡ {∼s−r,+: s ∈F}
the family of equivalence relations on Rd induced by Rr,+.
Now, for every s ∈F we set
∼sd =∼sd,+ ∩∼s−r,+ and ∼sr =∼sr,+ ∩∼s−d,+ .
Finally, we set
Rd = {∼sd : s ∈F} and Rr = {∼sr : s ∈F}.
It is easy to verify that (Rd ,Rr ) is a proper F-family of equivalence relations satisfying the
condition of the lemma. ✷
Proposition 1.3. The non-empty intersection of not more than τ many saturated classes of
mappings is also a saturated class.
Proof. Suppose that for every λ ∈Λ, Fλ is a saturated class of mappings, where |Λ| τ ,
and set F =⋂{Fλ: λ ∈ Λ}. Let F be an indexed collection of elements of F, Sd the F-
domain, and Sr the F-range.
For every λ ∈Λ denote by (Md,+λ ,Mr,+λ ) an initial F-comark corresponding to the class
Fλ. Let Mr,+ be a co-mark of Sr , which is a co-extension of all co-marks Mr,+λ , λ ∈ Λ.
Denote by Md,+ any co-mark of Sd , which is a co-extension of the F-preimage of Mr,+
and all co-marks Md,+λ , λ ∈Λ. Then, (Md,+,Mr,+) is a proper F-co-mark.
Furthermore, let (Md ,Mr ) be an arbitrary proper F-co-mark, which is a co-extension
of (Md,+,Mr,+). Denote by (Rd,+λ ,R
r,+
λ ) an initial F-family of equivalence relations
corresponding to the F-co-mark (Md ,Mr ) and the class Fλ. Let Rr,+0 be an admissible
family of equivalence relations on Sr , which is a final refinement of all families Rr,+λ ,
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λ ∈ Λ, and Rd,+ an admissible family of equivalence relations on Sd , which is a final0
refinement of all families Rd,+λ , λ ∈Λ.
By Lemma 1.2 there exists a proper F-family (Rd,+,Rr,+) of equivalence relations,
which is a final refinement of the F-family (Rd,+0 ,R
r,+
0 ). Consider an arbitrary proper F-
family (Rd ,Rr ) of equivalence relations, which is a final refinement of (Rd,+,Rr,+).
To prove the proposition it suffices to prove that the containing mapping f c for F
corresponding to the pairs (Md ,Mr ) and (Rd ,Rr ) belongs to F. Since Fλ is saturated
we have by construction that f c ∈ Fλ for every λ ∈Λ. Therefore, f c ∈ F. ✷
Proposition 1.4. In each saturated class of mappings there exist universal elements.
Proof. Let F be a saturated class of mappings. We denote by F an indexed collection of
elements of F such that for every g ∈ F there exist an element f of F, a homeomorphism
i of Dg onto Df , and a homeomorphism j of Rg onto Rf such that f ◦ i = j ◦ g.
By Lemma 1.1 it suffices to prove that for some proper F-co-mark (Md ,Mr ) and some
proper (Md ,Mr )-admissible F-family (Rd ,Rr ) of equivalence relations the corresponding
containing mapping f c belongs to F. But this follows immediately by the fact that F is
saturated. ✷
Proposition 1.5. The domain-class and the range-class of any saturated class of mappings
are saturated classes of spaces.
Proof. Let F be a saturated class of mappings. Denote by P the domain-class of F. Suppose
that S is an indexed collection of elements of P. For every element X of S we consider an
element f ∈ F such that Df =X. Then, we define an indexed collection F of elements of
F. Denote by Sr the F-range. We note that the F-domain coincides with the indexed set S.
Since F is a saturated class there exists an initial F-co-mark (Md,+,Mr,+) correspond-
ing to the class F. We prove that Md,+ is an initial co-mark of S corresponding to the
class P. For this we consider an arbitrary co-mark M of S, which is a co-extension of
Md,+. Then, the proper F-co-mark (M,Mr,+) is a co-extension of (Md,+,Mr,+). There-
fore, there exists a proper (M,Mr,+)-admissible F-family (Rd,+,Rr,+) of equivalence re-
lations, which is an initial F-family corresponding to the F-co-mark (M,Mr,+) and the
class F.
To prove that Md,+ is initial it suffices to prove that Rd,+ is an initial family of
equivalence relations on S corresponding to the co-mark M and the class P. For this we
consider an arbitrary family R ≡ {∼sd : s ∈ F} of equivalence relations on S, which is a
final refinement of Rd,+, and denote by R− ≡ {∼s−d : s ∈ F} the family of equivalence
relations on Sr induced by R. Then, it is easy to verify that the pair (R,R−) is a proper
F-family, which is a final refinement of (Rd,+,Rr,+).
Since F is saturated the containing mapping f c for F corresponding to the pairs
(M,Mr,+) and (R,R−) belongs to F. Therefore, the domain Df c of f c, which coincides
with the containing space T(M,R), belongs to the class P, which proves that Rd,+ is an
initial family. Thus, P is saturated. Similarly we can prove that the range-class of F is
saturated. ✷
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2. Some saturated classes of mappingsProposition 2.1. Let D and R be saturated classes of spaces. Then, the class C(D,R) of
all mappings with the domain in D and the range in R is a saturated class of mappings.
Proof. Let F be an indexed collection of elements of C(D,R), Sd the F-domain, and Sr
the F-range. Therefore, Sd is an indexed collection of elements of D and Sr is an indexed
collection of elements of R.
Since R is saturated there exists a co-mark MR,+ of Sr , which is an initial co-mark
corresponding to the class R. Similarly, there exists a co-mark MD,+ of Sd , which is an
initial co-mark corresponding to the class D. Without loss of generality we can suppose
that MD,+ is a co-extension of the F-preimage of MR,+, and, therefore, the F-co-mark
(MD,+,MR,+) is proper. Let (Md ,Mr ) be an arbitrary proper F-co-mark, which is a co-
extension of (MD,+,MR,+).
Denote by RR,+0 an initial family of equivalence relations on Sr corresponding to the co-
mark Mr and the classR. Also, denote by RD,+0 an initial family of equivalence relations on
Sd corresponding to the co-mark Md and the class D. By Lemma 1.2 there exists a proper
F-family (RR,+,RD,+) of equivalence relations, which is a final refinement (RR,+0 ,R
D,+
0 ).
Obviously, (RD,+,RR,+) is (Md ,Mr )-admissible.
Let (Rd ,Rr ) be an arbitrary proper F-family of equivalence relations, which is a final
refinement of (RD,+,RR,+). To prove the proposition it suffices to prove that the containing
mapping f c for F corresponding to the pairs (Md ,Mr ) and (Rd ,Rr ) belongs to C(D,R),
that is, the domain T(Md ,Rd) of this mapping belongs to the class D and the range
T(Mr ,Rr ) belongs to the class R. But this follows immediately by the fact that D and
R are saturated classes, by the choice of the co-marks Md and Mr , and by the choice of
families Rd and Rr . ✷
Definition. Let f be a mapping of a space X into a space Y . The mapping f is said to be
open (respectively, closed) if for every open (respectively, closed) subset G of X the set
f (G) is open (respectively, closed) in Y .
The mapping f is said to be base-closed (respectively, c-base-closed) if there exists a
base B for X such that for every element U of B the set f (ClX(U)) (respectively, the set
f (X \U)) is closed in Y .
Proposition 2.2. Let D and R be saturated classes of spaces. Then, the (non-empty) class
Cop(D,R) of all open mappings with the domain in D and the range in R is a saturated
class of mappings.
Proof. Let F be an indexed collection of elements of Cop(D,R), Sd the F-domain, and Sr
the F-range. For every f ∈ F let
Bf ≡ {Wfδ : δ ∈ τ
}
be a base for open subsets of the domain Df of f . Then,
Md,0 ≡ {{Wfδ : δ ∈ τ
}
: f ∈ F}
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is a co-mark of Sd . We setMr,0 = {{f (Wfδ
)
: δ ∈ τ}: f ∈ F}.
We note that the F-indexed collection Mr,0 of τ -indexed families may be not a co-mark
of Sr .
As in Proposition 2.1 we construct the pairs (MD,+,MR,+), (Md ,Mr ), (RD,+,RR,+),
and (Rd ,Rr ). We suppose that
Md = {{Ufδ : δ ∈ τ
}
: f ∈ F},
Mr = {{V fδ : δ ∈ τ
}
: f ∈ F},
Rd = {∼sd : s ∈F}, and
Rr = {∼sr : s ∈F}.
Without loss of generality we can suppose that the co-mark MR,+ of Sr is a co-extension of
Mr,0 and the co-mark MD,+ is a co-extension Md,0. We denote by θd an indicial mapping
from Md,0 to Md and by θr an indicial mapping from Mr,0 to Mr .
To prove the proposition it suffices to prove that the containing mapping f c of T(d)≡
T(Md,Rd ) into T(r) ≡ T(Mr ,Rr ) is open. For this we consider the θd(τ )-standard base
for T(Md,Rd ) and prove that for every element U of this base the set f c(U) is open in
T(Mr ,Rr ).
Let U ≡ UT(d)δ (H) be an element of the θd(τ )-standard base for T(Md,Rd ) (and,
therefore, H ∈ C(Rd )). We set ε = θ−1d (δ) and η = θr(ε). To prove that f c is open it
suffices to prove that
f c
(
U
T(d)
δ (H)
)= V T(r)η (L), (∗)
where L is the element of C(Rr ) corresponding to H and V T(r)η (L) is the corresponding
element of θr (τ )-standard base for T(Mr ,Rr ).
Let a ∈ UT(d)δ (H) and (x,Df ) ∈ a. Then, x ∈ Ufδ = Wfε and Df ∈ H. Therefore,
f (x) ∈ f (Wfε ) = V fη and Rf ∈ L. Since (f (x),Rf ) ∈ f T(a) ≡ b, we have that b ∈
V
T(r)
η (L). Thus, f c(U)⊂ V T(r)η (L).
Conversely, let b ∈ V T(r)η (L). Let also (y,Rf ) ∈ b. Then, y ∈ V fη = f (Wfε ) and
Rf ∈ L. Therefore, there exists a point x ∈ Wfε = Ufδ such that f (x) = y . Denote by
a the point of T(d) containing the pair (x,Df ). Since Df ∈H we have a ∈ UT(d)δ (H). On
the other hand, f c(a)= b, which means that b ∈ f c(UT(d)δ (H)). Thus, V T(r)η (L)⊂ f c(U),
which proves relation (∗). ✷
Definitions. By ind we denote a dimensional-like function with the domain the class of
all T0-spaces and the range the class O ∪ {−1,∞}, where O is the class of all ordinals
and −1 and ∞ are two symbols. (It is convenient to consider that −1 < α <∞ for every
α ∈O.) This dimensional-like function or briefly dimension is unique determined by the
following conditions: (a) ind(X) = −1 if and only if X = ∅, and (b) ind(X)  α, where
α is an ordinal, if and only if there exists a base B for the open subsets of X such that
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ind(Bd(U)) < α for every U ∈ B . (Therefore, ind(X) =∞ if and only if the inequality
ind(X) α is not true for every ordinal α.)
– A T0-space X is said to be zero-dimensional or finite-dimensional if ind(X) = 0 or
ind(X) < ω, respectively.
– A T0-space X is said to be countable-dimensional if X can be represented as a
countable union of zero-dimensional subspaces.
– A T0-space X is said to be strongly countable-dimensional if X can be represented as
a countable union of closed finite-dimensional subspaces.
– A T0-space X is said to be locally finite-dimensional if X can be represented as a union
of open finite-dimensional subspaces.
It is easy to see that all the above definitions in the class of separable metrizable spaces
coincide with that given in [1].
Remark. The next two corollaries based on the following unpublished result of the author:
The following classes of spaces are saturated:
(1) The class of all T0-spaces of dimension ind α, α ∈ τ+.
(2) The class of all countable-dimensional T0-spaces.
(3) The class of all strongly countable-dimensional T0-spaces.
(4) The class of all locally finite-dimensional T0-spaces.
(5) The class of all T0-spaces. (About this result see [2].)
By the intersection property of the saturated classes it follows that the above result holds
if instead of T0-spaces we consider regular or completely regular spaces. Therefore, in
all these classes there exist universal elements. In particular, for the case of separable
metrizable spaces (that is, for the case of regular spaces and τ = ω) we obtain the well
known results concerning the existence of universal elements in the following classes:
(a) the class of all separable metrizable spaces of dimension ind α, α ∈ ω1 (see [4] for
α ∈ ω and [5] for α ∈ ω1), (b) the class of all separable metrizable countable-dimensional
spaces (see [3]), (c) the class of all separable metrizable strongly countable-dimensional
spaces (see [6]), (d) the class of all separable metrizable locally finite-dimensional spaces
(see [9]), and (e) the class of all separable metrizable spaces (see [7] and [8]).
Corollary 2.3. Let D and R be classes coinciding (independently each from other) with
one of the following classes of spaces:
(1) The class of all regular spaces of dimension ind α, α ∈ τ+.
(2) The class of all regular countable-dimensional spaces.
(3) The class of all regular strongly countable-dimensional spaces.
(4) The class of all regular locally finite-dimensional spaces.
(5) The class of all regular spaces.
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Then, the class C(D,R) of all mappings (respectively, the (non-empty) class Cop(D,R) of
all open mappings) with the domain in D and the range in R, is saturated. Therefore, in
this class there exist universal elements.
In particular, for τ = ω we have the following consequence.
Corollary 2.4. Let D and R be classes coinciding (independently each from other) with
one of the following classes of spaces:
(1) The class of all separable metrizable spaces of dimension ind α, α ∈ ω1.
(2) The class of all separable metrizable countable-dimensional spaces.
(3) The class of all separable metrizable strongly countable-dimensional spaces.
(4) The class of all separable metrizable locally finite-dimensional spaces.
(5) The class of all separable metrizable spaces.
Then, the class C(D,R) of all mappings (respectively, the (non-empty) class Cop(D,R) of
all open mappings) with the domain in D and the range in R, is saturated. Therefore, in
this class there exist universal elements.
Proposition 2.5. Let D and R be saturated classes of spaces. Then, the (non-empty) class
Cbc(D,R) of all base-closed mappings with the domain in D and the range in R is a
saturated class of mappings.
Proof. The proof of this proposition in general outline is similar to the proof of
Proposition 2.2. Let F be an indexed collection of elements of Cbc(D,R), Sd the F-domain,
and Sr the F-range. As the base Bf for a domain Df of an element f of F considered in
the mentioned proposition we take here a base {Wfδ : δ ∈ τ } such that for every δ ∈ τ the
set f (ClDf (W
f
δ )) is closed in Rf .
Also, here we set
Mr,0 = {{Rf \ f
(
ClDf
(
W
f
δ
))
: δ ∈ τ}: f ∈ F}.
The pairs (MD,+,MR,+), (Md ,Mr ), (RD,+,RR,+), and (Rd ,Rr ), the mapping f c, the
indicial mappings θd and θr , the ordinals δ, ε, and η, and the equivalence classes H and L
are the same as in Proposition 2.2.
To prove the proposition it suffices to prove that
f c
(
ClT(d)
(
U
T(d)
δ (H)
))= T(L) \ V T(r)η (L). (∗)
Let a ∈ ClT(d)(UT(d)δ (H)) and (x,Df ) ∈ a. By Lemma 2.7 of [2],
x ∈ ClDf
(
U
f
δ
)= ClDf
(
Wfε
)
andDf ∈H. Therefore, f (x) ∈ f (ClDf (Wfε ))=Rf \V fη andRf ∈ L. Since (f (x),Rf ) ∈
f c(a)≡ b, we have b ∈ T(L) \ V T(r)η (L). Thus,
f c
(
ClT(d)
(
U
T(d)
δ (H)
))⊂ T(L) \ V T(r)η (L).
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Conversely, let b ∈ T(L) \ V T(r)η (L) and (y,Rf ) ∈ b. Then,
y ∈Rf \ V fη = f
(
ClDf
(
Wfε
))
and Rf ∈ L. Therefore, there exists a point x ∈ ClDf (Wfε ) = ClDf (Ufδ ) such that
f (x) = y . Denote by a the point of T(d) containing the pair (x,Df ). Since Df ∈ H
we have a ∈ ClT(d)(UT(d)δ (H)). On the other hand, f c(a) = b, which means that b ∈
f c(ClT(d)(UT(d)δ (H))). Thus,
T(L) \ V T(r)η (L)⊂ f c
(
ClT(d)
(
U
T(d)
δ (H)
))
,
which proves relation (∗). ✷
Proposition 2.6. Let D and R be saturated classes of spaces. Then, the (non-empty) class
Ccbc(D,R) of all c-base-closed mapping with the domain in D and the range in R is a
saturated class of mappings.
Proof. The proof of this proposition in general outline is similar to the proof of Proposition
2.5. Let F be an indexed collection of elements of Ccbc(D,R), Sd the F-domain, and Sr
the F-range. As the base Bf (of Proposition 2.5) of the domain Df of an element f of
F we consider here a base {Wfδ : δ ∈ τ } with the property that for every δ ∈ τ the subset
f (Df \Wfδ ) of Rf is closed. Also, as the set Mr,0 we consider here the following:
Mr,0 ≡ {{Rf \ f
(
Df \Wfδ
)
: δ ∈ τ}: f ∈ F}.
Finally, instead of the relation (∗) of Proposition 2.5, here we consider the relation
f c
(
T(d) \UT(d)δ (H)
)= T(r) \ V T(r)η (L),
which is proved similarly. ✷
Remark. It is easy to verify that Propositions 2.1, 2.2, 2.5, and 2.6, as well as, Corol-
laries 2.3 and 2.4 hold if it is supposed that the classes C(D,R), Cop(D,R), Cbc(D,R),
and Ccbc(D,R) consist only of the mappings, which are onto.
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